The optimal density function assigns to each symplectic toric manifold M a positive number d ≤ obtained by considering the ratio between the maximum volume of M which can be lled by symplectically embedded disjoint balls and the total symplectic volume of M. In the toric version, M is toric and the balls need to be embedded respecting the toric action on M. We give a brief survey of toric symplectic manifolds and the recent constructions of moduli space structure on them, and then we recall how to de ne a natural density function on this moduli space. We review previous work which explains how the study of the density function can be reduced to a problem in convex geometry, and use this correspondence to to give a simple description of the regions of continuity of the maximal density function when the dimension is .
Introduction
In symplectic topology the ball packing problem asks how much of the volume of a symplectic manifold (M, ω) can be approximated by symplectically embedded disjoint balls, see Figure 1 . This is in general a very di cult problem; a lot of progress on it and on directly related problems has been made by a number of authors, among them Biran [4; 3; 5] , , , Schlenk [18] , Traynor [19] , and Xu [20] . The optimal density function Ω assigns to each closed symplectic manifold M the number d ≤ obtained by considering the ratio between the largest volume v of M which can be lled by equivariantly and symplectically embedded disjoint balls, and the total symplectic volume vol(M) of M. An optimal packing is one for which the sum of these disjoint volumes divided by vol(M) is as large as it can be, taking into consideration all possible such packings.
The article [13] discusses a particular instance of the symplectic ball packing problem: the toric case. In the toric case both the symplectic manifold (M, ω) and the standard open symplectic ball r in ℂ n are equipped with a Hamiltonian action of an n-dimensional torus , and the symplectic embeddings of the ball into the manifold M are equivariant with respect to these actions. In the case of symplectic toric manifolds, there always exists at least one optimal packing [17] . The best way to think of this problem is an approximation theorem for our integrable system by disjoint integrable systems on balls. This problem is more rigid, because for instance xed points of the system have to coincide with the origin of the ball, so the symplectic balls mapped this way have less exibility. In this note we concentrate on symplectic toric manifolds (also called toric integrable systems) because for these we have a good understanding [14; 13; 17] , but the question is interesting for any integrable system. These particular systems are usually called toric, or symplectic toric, and a rich structure theory due to Kostant, Guillemin-Sternberg, Delzant among others led to a complete classi cation in the 1980s [1; 8; 11; 10] . We refer to Section 3 for the precise de nition of symplectic toric manifolds, and to Section 4 for the de nition of the moduli space M of such manifolds, where denotes the standard torus of dimension precisely half the dimension of the manifolds in M . By using elementary geometric arguments, we shall describe the regions of this moduli space where the optimal density function Ω : M → [ , ] is continuous. In particular, as a consequence of this description one can observe that the density function is highly discontinuous.
The structure of the paper is as follows. In Section 2 we state the main theorem of the paper: Theorem A; in Section 3 we review the notion of symplectic toric manifold; in Section 4 we review the construction of the moduli space M of symplectic toric manifolds; in Section 5 we review the de nition of the density function on M ; in Section 6 we explain how to reduce the proof of Theorem A to the proof of a theorem in convex geometry (Theorem 7.1); in Section 7 we state and prove Theorem 7.1. The gures in this article rst appeared in [13; 14] . 
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Main theorem
Let be a -dimensional torus, let M be the moduli space of symplectic toric -manifolds. It is known [16] that M is a neither a locally compact nor a complete metric space but its completion is well understood and describable in explicit terms (see Theorem 4.3). Let Ω : M → [ , ] be the optimal density function, which assigns to a manifold the density of its optimal toric ball packing, cf. (1) Ω is discontinuous at every (M, ω, ) ∈ M , and the restriction Ω| M N is continuous for each N ≥ . 
The aforementioned classi cation of symplectic toric manifolds is in terms of a class of convex polytopes in ℝ n , called now Delzant polytopes. In practice this means that the a priori very complicated packing problem for these systems can be formulated and studied in terms of convex geometry, which is what was done in [14; 13; 17] . This is because symplectic toric manifolds have an associated momentum map µ : M → ℝ n , which is a Morse-Bott function with a number of remarkable properties and which captures all the main features of the symplectic geometry of (M, ω) and of the Hamiltonian action of on M (the proof of this is due to Atiyah, Guillemin, Sternberg, and Delzant) . In fact µ(M) is a convex polytope in ℝ n . The strategy of this paper is to prove a slightly more general result about polytopes, Theorem 7.1, which implies Theorem A by virtue of a theorem proven in [13] (reviewed in the present paper, see Theorem 6.2). Remark 2.1. The proof of Theorem 7.1 is based on simple geometric arguments that can be easily understood in the case n = (i.e., when dealing with Delzant polygons) but the general approach in the proof should work in any dimension (indeed, in the proof we rely only on results from [17] that hold in any dimension). However the case of symplectic toric -manifolds is currently the most interesting as the topology of the moduli space is understood only in that case (see Theorem 4.3).
Symplectic toric manifolds
In this section we review the notion of symplectic toric manifold in arbitrary dimension.
Let (M, ω) be a closed symplectic n-dimensional manifold. Let k ≅ (S ) k be the k-dimensional torus, and write := n to denote the standard n-dimensional torus. Let t be the Lie algebra Lie( ) of and let t * be the dual of t. A symplectic action ψ :
known as a momentum map, satisfying Hamilton's equation
for all ξ ∈ t. The momentum map is de ned up to translation by an element of t * . Nevertheless, we ignore this ambiguity and call it the momentum map. De nition 3.1. A symplectic-toric manifold is a quadruple (M, ω, , µ) where M is a n-dimensional closed symplectic manifold (M, ω) equipped with an e ective Hamiltonian action of an n-dimensional torus with momentum map µ. Example 3.2. The projective space (ℂℙ n , λ ⋅ ω FS ), where ω FS is the Fubini-Study form given by
equipped with the rotational action of ,
is a n-dimensional symplectic-toric manifold. The components of the momentum map are
The corresponding momentum polytope is equal to the convex hull in ℝ n of and the scaled canonical vectors λe , . . . , λe n .
Strictly speaking, µ is a map from M to t * . However, the presentation is simpler if from the beginning we identify both t and t * with ℝ n and consider µ as a map from M to ℝ n . The procedure to do this, that we now describe, is standard but not canonical. Choose an epimorphism E : ℝ → , say x → e π − x . This Lie group epimorphism has discrete center ℤ and the inverse of the corresponding Lie algebra isomorphism is given by Lie( ) ∋ ∂ ∂x → π ∈ ℝ. Thus, for we get the non-canonical isomorphism between the corresponding commutative Lie algebras
where e k is the k th element in the canonical basis of ℝ n . Choosing an inner product ⟨ ⋅ , ⋅ ⟩ on t, we obtain an isomorphism t → t * , and hence taking its inverse and composing it with the isomorphism t → ℝ n described above, we get an isomorphism I : t * → ℝ n . In this way, we obtain a momentum map µ = µ I : M → ℝ n . Example 3.3. Consider the open ball r of radius r in ℂ n , equipped with the standard symplectic form ω = i ∑ j dz j ∧ dz j and the Hamiltonian action Rot by rotations given by (θ , . . . , θ n ) ⋅ (z , . . . , z n ) = (θ z , . . . , θ n z n ). In this case the components of the momentum map µ r are µ r k = |z k | . The image ∆ n (r) of the momentum map is ∆ n (r) = ConvHull( , r e , . . . , r e n ) \ ConvHull(r e , . . . , r e n ),
where {e i } n i= stands for the canonical basis of ℝ n .
The image of the momentum map of a symplectic-toric manifold is a particular type of convex polytope, a so called Delzant polytope, see Figure 3 . 
De nition 3.4 ([7]).
A convex polytope ∆ in ℝ n is a Delzant polytope if it is simple, rational and smooth:
(i) ∆ is simple if there are exactly n edges meeting at each vertex v ∈ V;
(ii) ∆ is rational if for every vertex v ∈ V, the edges meeting at v are of the form v + tu i , t ≥ , and u i ∈ ℤ n ; (iii) A vertex v ∈ V is smooth if the edges meeting at v are of the form v + tu i , t ≥ , where the vectors u , . . . , u n can be chosen to be a ℤ-basis of ℤ n . ∆ is smooth if every vertex v ∈ V is smooth.
Moduli spaces of toric manifolds
With the conventions above, where and the identi cation I : t * → ℝ n are xed, we next de ne the moduli space of toric manifolds.
. The moduli relation
be symplectic toric manifolds. These two symplectic toric manifolds are isomorphic if there exists an equivariant symplectomorphism φ : M → M ὔ (i.e., φ is a di eomorphism satisfying φ * ω ὔ = ω which intertwines the actions) such that µ ὔ ∘ φ = µ (see also [2, De nition I.1.16]). We denote by M := M the moduli space (that is, the set of equivalence classes) of symplectic toric manifolds of a xed dimension n under this equivalence relation. 
The convexity theorem of Atiyah [1] and says that the momentum map image is a convex polytope. In addition, if the dimension of the torus is precisely half the dimension of the manifold, this polytope is Delzant (De nition 3.4) .
Let D denote the set of Delzant polytopes. It follows from Theorem 4.1 that
is injective. Delzant also showed how starting from a Delzant polytope it is possible to reconstruct a symplectic toric manifold with momentum image precisely equal to the Delzant polytope, thus implying that (4.1) is a bijection. To simplify our notation we often write (M, ω, , µ) identifying the representative with the corresponding equivalence class [(M, ω, , µ) ] in the moduli space M .
. Metric on M
Endow D with the distance function given by the volume of the symmetric di erence
of any two polytopes ∆ and ∆ . Using (4.1) we de ne a metric d on M as the pullback of the metric de ned on D . In this way we obtain the metric space (M , d ). This metric induces a topology ν on M . Consider the σ-algebra B(ℝ n ) of Borel sets of ℝ n . Let λ : B(ℝ n ) → ℝ ≥ ∪ {∞} be the Lebesgue measure on ℝ n , and let B ὔ (ℝ n ) ⊂ B(ℝ n ) consist of the Borel sets with nite Lebesgue measure. Let χ C : ℝ n → ℝ be the characteristic function of C ∈ B ὔ (ℝ n ). De ne
This extends the distance function de ned above on D . However, it is not a metric on B ὔ (ℝ n ). By identifying the sets A, B ∈ B ὔ (ℝ n ) with d(A, B) = , we obtain a metric on the resulting quotient space of B ὔ (ℝ n ). Let C be the set of convex compact subsets of ℝ n with positive Lebesgue measure, ⌀ the empty set, andĈ := C∪ {⌀}. ThenĈ equipped with d in (4.2) is a metric space. Remark 4.2 (Other moduli spaces). There is no AGL(n, ℤ) equivalence relation involved in the de nition of D . Such an equivalence relation is often put on this space so that it is in one-to-one correspondence with the moduli space of symplectic toric manifolds up to equivariant isomorphisms. This is not the relation which is relevant to this paper. Nonetheless, to avoid confusion let us recall that two symplectic toric manifolds (M, ω, , µ) and (M ὔ , ω ὔ , , µ ὔ ) are equivariantly isomorphic if there exists an automorphism of the torus h :
→ and an h-equivariant symplectomorphism φ : M → M ὔ , i.e., such that the following diagram commutes:
In [16] , the space M denotes the moduli space of equivariantly isomorphic n-dimensional symplectic toric manifolds.¹ Let AGL(n, ℤ) = GL(n, ℤ) ⋉ ℝ n be the group of a ne transformations of ℝ n given by x → Ax + c, where A ∈ GL(n, ℤ) and c ∈ ℝ n . We say that two Delzant polytopes ∆ and ∆ are AGL(n, ℤ)-equivalent if there exists α ∈ AGL(n, ℤ) such that α(∆ ) = ∆ . Let D be the moduli space of Delzant polytopes modulo the equivalence relation given by AGL(n, ℤ); we endow this space with the quotient topology induced by the projection map π : 
. Topological structure in dimension
The following theorem, which holds in dimension , describes properties of the topology of the aforementioned moduli space.
Theorem 4.3 ([16]). Let be a -dimensional torus. The space (M , d ) is neither locally compact nor a complete metric space. Its completion can be identi ed with the metric space (Ĉ, d) in the following sense: identifying
(M , d ) with (D , d) via (4.1), the completion of (D , d) is (Ĉ, d).
Density function
Let (M, ω, , µ) be a symplectic toric manifold of dimension n. Let Λ be an automorphism of . Let r > . We say that a subset B of M is a Λ-equivariantly embedded symplectic ball of radius r if there is a symplectic embedding f : r → M with f( r ) = B and such that the diagram where each B α is an equivariantly embedded symplectic ball (note that we are not saying that all these balls must have the same radii). The density Ω(P) of a toric ball packing P is given by the quotient
The density of a symplectic-toric manifold (M, ω, , µ) is given by Ω(M, ω, , µ) := sup{Ω(P) | P is a toric ball packing of M}.
An optimal packing (also called a maximal packing) is a toric ball packing at which this density is achieved.
The optimal density function is de ned as follows: it assigns to a manifold the density of one of its optimal packings (such an optimal packing always exists, see [17] ). The optimal density function is interesting to us because it is a symplectic invariant. In this paper we analyze the continuity of the density function on the moduli space M (see Theorem A), which was posed as an open problem in [16, Problems 4 and 30] . Following [13; 17] we say that a subset Σ of a Delzant polytope ∆ is an admissible simplex of radius r with center at a vertex v of ∆ if there is an element of AGL(n, ℤ) which takes:
Convex geometry
• the origin to v,
• the edges of ∆ n (r / ) meeting at the origin to the edges of ∆ meeting at v.
For every vertex v we write r v := max{r > | ∃ an admissible simplex of radius r with center v}. In what follows we write vol euc (A) for the Euclidean volume of a subset A ⊂ ∆. An admissible packing of a Delzant polytope ∆ is given by a a disjoint union
where each Σ α is an admissible simplex (note that we are not saying that they must have the same radii). The density of an admissible packing P is de ned by the quotient
and the density of ∆ is de ned by Ω(∆) := sup{Ω(P) | P is an admissible packing of ∆}.
An optimal packing (also called a maximal packing) is an admissible ball packing at which this density is achieved. The optimal density function assigns to a Delzant polytope the density of one of its optimal packings (such packing always exists, see [17] ). Figure 4 shows an example of an admissible packing and a non-admissible one; at the manifold level, the admissible one corresponds to a symplectic toric ball packing of ℂℙ × ℂℙ by two disjoint balls, while the non-admissible one cannot be interpreted in this way because the shaded triangle does not correspond to an equivariantly and symplectially embedded ball. Both packings in Figure 5 are admissible. Let I ⊂ ℝ n be an interval with rational slope. The rational-length length ℚ (I) of I is the (unique) number ℓ such that I is AGL(n, ℤ)-congruent to a length ℓ interval on a coordinate axis. As it is shown by the following result, an admissible simplex is parametrized by its center and its radius. Lemma 6.1 ([13] Moreover Σ(v, r) is the unique such admissible simplex.
Now we can state the tool that we will use in the proof of the main theorem of the paper. Consider a symplectic-toric manifold (M, ω, , µ) and let ∆ := µ(M). (
ii) Let P be a toric ball packing of M. Then µ(P) is an admissible packing of ∆. Furthermore, we have the equality Ω(P) = Ω(µ(P)).
Moreover, for any admissible packing Q of ∆ there is a toric ball packing P of M such that µ(P) = Q.
The combinatorial convexity statement
In this section we state and prove a theorem in convex geometry, that in view of Theorem 6.2 implies Theorem A. Theorem 7.1. Let N ≥ be an integer, let P N be the set of Delzant polygons of N vertices, and let P be the set of all Delzant polygons, so that P = ⋃ N≥ P N . Then:
(1) Ω is discontinuous at every ∆ ∈ P, and the restriction Ω| P N is continuous for each N ≥ . 
Proof. We will make use of the following simple observation: given ∆ ∈ P, a neighborhood of ∆ is made up of polygons where either we translate the sizes in a parallel way, or we chop some small corners of ∆. In particular the number of vertices can only increase. We prove (1) rst. To show that Ω is discontinuous at any ∆ ∈ P N , we x ε > small and we chop all the corners, adding around each of them a small side of length ≤ ε, making sure that the new polygon is still a Delzant polygon.
More precisely, if two consecutive sides are given by ( , a) and (b, ) for some a, b > , because the polygon is a Delzant polygon it follows that a/b ∈ ℚ. Hence, if we chop the corner at the origin with the segment connecting (a/K, ) to ( , b/K) where K ∈ ℕ is very large, we obtain a new Delzant polygon. For the general case, given a couple of consecutive sides, there is a map in AGL( , ℤ) sending ( , ) to the common vertex, and (a, ) and ( , b) to the other two vertices. Hence, it su ces to chop from the polygon the image of the triangle determined by (a/K, ), ( , b/K), ( , ).
This construction gives us a polygon with N vertices with the following property: when considering the de nition of density, any simplex will have at least one side of length at most ε while the others are universally bounded, so the total volume will be at most CNε. Since ε can be arbitrarily small, this proves that Ω cannot be continuous.
On the other hand, we show that Ω is continuous when restricted to P N . To see this, we call an angle α smooth if it can be obtained as the angle of a smooth triangle having the origin as one of its vertices, α being the angle at the origin. Since the other two vertices belong to ℤ (call them v , v ), it follows that the sides ( , v ) and ( , v ) have lengths ℓ , ℓ ≥ . Also, since such a triangle is the image of ∆ ( ) under a map in AGL( , ℤ) its area must be / , that is = ℓ ℓ sin α .
These facts imply that there exists a constant C α , depending only on sin α, such that ℓ , ℓ ≤ C α . Now x ∆ ∈ P N and let α , . . . , α N be the angles of ∆. Then, if ∆ ὔ = (α ὔ , . . . , α ὔ N ) ∈ P N , since the set of smooth angles is discrete it follows that α ὔ i = α i whenever d (∆ ὔ , ∆) ≪ . Hence, for every ∆ ὔ close to ∆ we are just translating the sides of the polygon in a parallel way, and since Ω is continuous along this family of transformations by [17] this proves that Ω is continuous on the whole P N , proving (1). Next we show (2). Assume rst that Ω(∆) = Ω i (∆), for some i ∈ { , . . . , N}.
This implies that we can nd an optimal family in the de nition of Ω with no simplex centered at i (simply take an optimal family in the de nition of Ω i (∆)). Then, by slightly reducing the radius of each simplex we can keep the density arbitrarily close to Ω(∆) making sure that no simplex touches the vertex i. This gives us the possibility to chop a small corner around the vertex i, obtaining a Delzant polytope ∆ ὔ ∈ P N+ keeping the density still arbitrarily close Ω(∆). This procedure shows that we can nd a family {∆ k } k≥ ⊂ P N+ with
proving that there is a set larger than P N where Ω is continuous at ∆. Viceversa, assume there exists η > such that Ω i (∆) ≤ Ω(∆) − η for all i = , . . . , N.
Since it is impossible to approximate ∆ with polygons ∆ ὔ that have strictly less than N vertices and we already proved that Ω is continuous on P N , we have to exclude that we can nd some sequence {∆ k } k∈ℕ ⊂ ⋃ j>N P j such that assertions (7.1) hold.
To see this notice that if we chop any corner around one of the vertices (say around i) adding a small side, then necessarily the density will be close to Ω i (∆), hence less than Ω(∆) − η/ . This proves that (7.1) cannot hold and concludes the proof of (2). 
